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ON BURGHELEA CONJECTURE
ALEXANDER DRANISHNIKOV
Abstract. We prove the Burghelea Conjecture for all groups with
finite cohomological dimension satisfying some additional condi-
tion on cohomology of reduced normalizers.
1. Introduction
We recall that for an algebra A over a field k (generally, over a com-
mutative ring) HH∗(A) and HC∗(A) denote the Hochschild homology
and the cyclic homology of A [L],[R]. These two homology groups are
connected by the Connes exact sequence
· · · → HCn−1(A)→ HHn(A)→ HCn(A)
S
−→ HCn−2(A)→ . . . .
We use notation PHC∗(A) for the periodic cyclic homology, ∗ = 0, 1.
The shift homomorphism S in the Connes exact sequence defines the
inverse sequence {HC∗+2n, S}n∈N. We note that for the periodic cyclic
homology there is an epimorphism PHC∗(A)→ lim←{HC∗+2n(A), S}
with the lim1-kernel. The kernel is trivial if the Mittag-Lefler condition
is satisfied in particular when HHm(A) = 0 for all sufficiently large
m (see [R] Corollary 6.1.23).
We consider the case when k = Q and A is the group algebra QG
for a discrete group G. It was known [ML] well before the invention
of the cyclic homology in early 80s ([C],[LQ],[T]) that HHn(QG) =
Hn(G, Q˜G) where Q˜G is the G-module QG defined by the G-action on
G by conjugation. Let 〈G〉 denote the set of conjugacy classes on G
and let Gx denote the centralizer of x ∈ [x] ∈ 〈G〉. Clearly, Gy ∼= Gz
for y, z ∈ [x]. Since
Q˜G =
⊕
[x]∈〈G〉
Q(G/Gx) =
⊕
[x]∈〈G〉
Q⊗Gx QG,
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we obtain
HHn(QG) =
⊕
[x]∈〈G〉
Hn(G,Q⊗Gx QG).
By the Shapiro Lemma [Br], Hn(G,Q⊗Gx QG) = Hn(Gx,Q). Thus,
HHn(QG) =
⊕
[x]∈〈G〉
Hn(Gx,Q).
Burghelea have computed cyclic homology of group algebras [Bu]
HCn(QG) =
⊕
〈G〉fin
[H∗(Nx,Q)⊗H∗(CP
∞;Q)]n ⊕
⊕
〈G〉∞
Hn(Nx,Q)
where Nx = Gx/〈x〉 is the reduced centralizer, 〈G〉
fin is the subset of
〈G〉 of conjugacy classes of elements of finite order, and 〈G〉∞ is the
subset of conjugacy classes of elements of infinite order. This compu-
tation brought the following formula for the periodic cyclic homology
of QG [Bu]
PHC0(QG) =
⊕
[x]∈〈G〉fin,n≥0
H2n(Nx,Q)⊕
⊕
〈G〉∞
T0(x,Q)
PHC1(QG) =
⊕
[x]∈〈G〉fin,n≥0
H2n+1(Nx,Q)⊕
⊕
〈G〉∞
T1(x,Q).
Here the group T∗(x,Q) fits in the following short exact sequence
0→ lim
←
1{H∗−1+2n(Nx,Q)} → T∗(x,Q)→ lim
←
{H∗+2n(Nx,Q)} → 0
where bonding maps in the inverse sequences are the Gysin homo-
morphisms S : Hm(Nx,Q) → Hm−2(Nx,Q) coming from the fibration
S1 → BGx → BNx.
In the end of his paper [Bu] Burghelea stated the following conjec-
ture:
1.1. Conjecture (Burghelea). If K(G, 1) has the homotopy type of a
finite CW-complex, then T∗(x,Q) = 0 for all x ∈ 〈G〉
∞.
Burghelea proved his conjecture for the fundamental groups of Rie-
mannian manifolds with nonpositive sectional curvature. He also no-
ticed that not every group satisfies the condition T∗(x,Q) = 0 for all
x ∈ 〈G〉∞. We say that a group G satisfies the Burghelea Conjecture
if it satisfies this condition for all x ∈ 〈G〉∞. Eckmann proved [E] the
Burghelea Conjecture for groups G with hdQG <∞ in the case when G
is nilpotent or torsion free solvable group. Also he proved the Burghe-
lea Conjecture for linear groups over fields of characteristic 0 and for
groups with cdQG ≤ 2. R. Ji [J] proved the Burghelea Conjecture
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for hyperbolic groups, arithmetic groups, and groups of polynomial
growth.
In this paper we prove the following theorem.
1.2. Theorem. Suppose that a group G satisfies cd(G) < ∞ and all
reduced cetralizers Nx, x ∈ G, have property trivial rational homology
Hi(Nx;Q) = 0 for infinitely many i. Then T∗(x,Q) = 0 for all x ∈ G.
Eckmann [E] (see also [Em]) noticed that the Hattori-Stallings rank
map
r : K0(QG)→ HC0(QG) = QG/[QG,QG] =
⊕
〈G〉
Q
(see [Br] for the definition) can be factored through the Connes-Karubi
character
chn : K0(kG)→ HC2n(kG), n ≥ 0,
as r = Sn ◦ chn where Sn = S ◦ · · · ◦ S is the n times iterated shift
homomorphism. It follows from a result of Linnel [Li], that the Hattori-
Stallings rank takes value in Q ⊕
⊕
〈G〉∞ Q where the first summand
corresponds to the conjugacy class of the unit e ∈ G. Therefore, the
Hattori-Stallings rank factors thorough Q⊕
⊕
〈G〉∞ T0(x,Q). Thus, for
fixed G the Burghelea Conjecture implies the Bass Conjecture [Ba]
on vanishing the terms of the image of the Hattori-Stallings map in⊕
〈G〉∞ Q.
Note that in it’s turn the Bass Conjecture for G implies the Idem-
potents Conjecture [Em]: In the group algebra QG for a torsion free
group G the equation x2 = x has only trivial solutions x = 0 and x = 1.
The author is thankfull to Alex Engel, Michal Marcinkowski, and Os-
car Randal-Williams for pointing out on mistakes in the early versions
of the paper and giving valuable remarks.
2. Free loop spaces
Let LX denote the free loop space on X , LX = Map(S1, X). By
L0X we denote the space of free null-homotopic loops on X , L0X ⊂
LX . When X is simply connected we have L0X = LX . The group S
1
naturally acts on LX by (zf)(u) = f(z−1u). Let S(X) denote the orbit
space LX/S1, the space of ’strings’. Note that L0X is S
1-invariant and
denote by S0(X) the orbit space L0X/S
1, the space of null-homotopic
’strings’ on X .
There is the evaluation fibration ev : LX → X , ev(φ : S1 → X) =
φ(1). Note that ev admits a section s : X → LX and the fiber of ev is
the loop space ΩX .
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We note that L, L0, S, and S0 are covariant functors on the category
of topological spaces. Each of these functors F takes a homotopy to a
homotopy in a sense that there is a natural embedding F (X) × I →
F (X × I).
Suppose thatX is a proper metric space which uniformly locally path
connected, i.e. there are ǫ > 0 and a continuous map Φ : Wǫ× [0, 1]→
X of the ǫ-neighborhood Wǫ of the diagonal ∆(X) ⊂ X × X such
that Φ(x, y,−) : [0, 1] → X is a path from x to y and Φ(x, x,−) is a
constant path for all (x, y) ∈ Wǫ. Then L0X is uniformly locally path
connected by means of the function Φ˜ : W˜ǫ × [0, 1] → L0X defined
as Φ˜(f1, f2, t)(u) = Φ(f1(u), f2(u), t) where W˜ǫ is the epsilon neighbor-
hood of the diagonal ∆(L0X) in the uniform metric. We note that
W˜ǫ is invariant with respect to the diagonal S
1-action and the map Φ˜
is equivariant. Then the space S0(X) is locally contractible. More-
over, the space S0(X)/X is locally contractible. Note that for such
spaces the singular cohomology behaves well and agrees with the Cˇech
cohomology [Bre].
We note that X is embedded in LX as well in S0X via the constant
loops. Let jX : X → S0(X) denote that embedding. Note that jX :
1→ S0 is a natural transformation of functors.
2.1. Proposition. For any space X
SX/X = (LX/X)/S1 and S0X/X = (L0X/X)/S
1
where we identify X with jX(X).
Proof. This is an obvious statement on the set-theoretical level: Both
spaces consists of orbits of non-constant loops f : S1 → X plus the
special point ∗ = {X}. The rest of the proof is an exercise on the quo-
tient topology which we feel obligated to do since the spaces involved
are not compact.
We recall that the main theorem on quotient map which states that
for a quotient map p : X → Y and a continuous map g : X → Z
constant on each point preimage p−1(y) there is a continuous map f :
Y → Z such that f ◦ p = g. We apply it to the quotient map p :
LX/X → (LX/X)/S1 and g : LX/X → SX/X t and to the quotient
map LX → SX → SX/X and a map LX → LX/X → (LX/X)/S1 to
obtain a map f : (LX/X)/S1 → SX/X and its inverse f−1 : SX/X →
(LX/X)/S1. Here we used the fact that the composition of quotient
maps is a quotient map. 
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We consider the Borel construction [Bo] for the S1 action on L0X/X
and on S2N+1 for sufficiently large N :
S2N+1 ←−−− S2N+1 × (L0X/X) −−−→ L0X/Xy
y
y
CPN
p1
←−−− S2N+1 ×S1 (L0X/X)
p2
−−−→ S0(X)/X.
Every orbit S1z ∈ S0(X)/X is homeomorphic to to S
1/Gz where Gz ⊂
S1 is the stabilizer of z, a closed subgroup of S1. Then the fiber p−12 (z)
is homeomorphic to S2N+1/Gz. We note that the special fiber F =
p−12 ({X}) of p2 is homeomorphic to CP
N . We denote by
E(N,X) = (S2N+1 ×S1 (L0X/X))/F
the quotient space and by p¯2 : E(N,X)→ S0(X)/X the induced map.
Thus p2 = p¯2 ◦ q where q is the map collapsing F .
2.2. Proposition. For a uniformly locally path connected proper metric
space X the projection p¯2 induces an isomorphism
(p¯2)∗ : Hi(E(N,X);Q)→ Hi(S0(X)/X ;Q)
in dimensions i ≤ 2N .
Proof. Since the spaces here are locally nice, it suffices to prove the
statement for the cohomology. We consider the Leray spectral se-
quence of p¯2. Since the map p¯2 is proper, the sequence converges to
H∗(E(N,X);Q) [Bre]. Note that p¯2 has one exceptional fiber which is
a point. All other fibers are lens spaces L2N+1m possibly degenerated to
the sphere S2N+1. Therefore, in the Leray spectral sequence we have
trivial stalks
Hq(p¯2) = lim
→
Hq(p¯−12 (U);Q) = H
q(p¯−12 (x);Q) = 0
for 0 < q ≤ 2N . Hence, Ep,q2 = 0 for 0 < q ≤ 2N and the result
follows. 
2.3. Proposition. Let X = Bπ/Bπ(n−1) and Hn+1(Bπ;Q) = 0, n ≥ 4.
Then Hn(LX/X ;Q) = 0.
Proof. Since X is (n − 1)-connected and Ω(X) is (n − 2)-connected
in the homology Leray-Serre spectral sequence of ev : LX → X we
have E2p,q = 0 for 0 < q < n − 1 and E
2
p,0 = 0 for 0 < p < n. This
implies that Hn(LX) is defined by E
2
0,n = Hn(X) and E
2
n,0. Since ev
has a section, it implies that both terms live to E∞. The splitting
Hn(LX) = Hn(X) ⊕ Hn(LX/X) generated by the section s implies
that Hn(LX/X ;Q) = Hn(ΩX ;Q). Note that Hn(ΩX ;Q) = π
s
n(ΩX)⊗
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Q = πn(ΩX) ⊗ Q = πn+1(X) ⊗ Q = π
s
n+1(X) ⊗ Q = Hn+1(X ;Q) =
Hn+1(Bπ;Q) = 0. 
2.4. Proposition. Let φ∗,∗ : E∗,∗(p
′)→ E∗,∗(p) be the morphism of the
Leray-Serre spectral sequences generated by a morphism (f ′, f) : p′ → p
of fiber bundles, p′ : X ′ → Y ′ and p : X → Y .
(a) If φ20,n : E
2
0,n(p
′) → E20,n(p) is surjective then also is φ
∞
0,n :
E∞0,n(p
′)→ E∞0,n(p).
(b) If all φ∞k,l : E
∞
k,l(p
′) → E∞k,l(p) for k + l = n are surjective, then
f ′∗ : Hn(X
′)→ Hn(X) is surjective.
Proof. (a) We show by induction on r that φr0,n is surjective. Indeed,
since in the commutative diagram
dr
−−−→ Er0,n(p
′) −−−→ Er+10,n (p
′) −−−→ 0
φr
0,n
y φr+10,n
y
dr
−−−→ Er0,n(p)
ψ
−−−→ Er+10,n (p) −−−→ 0
φr0,n and ψ are surjective, so is φ
r+1
0,n .
(b) The homology groups Hn(X) is obtained from E
∞
n,0(p) by consec-
utive extensions by E∞n−1,1(p) then by E
∞
n−2,2(p) and so on up to E
∞
0,n.
The same holds true for Hn(X
′). Let A0 = E
∞
n,0(p), A
′
0 = E
∞
n,0(p
′)
and let Ai and A
′
i denote the corresponding intermediate extensions,
i = 1, . . . , n. Thus, Hn(X) = An and Hn(X
′) = A′n. We apply the
epimorphism version of Five Lemma recursively to the diagram
0 −−−→ E∞n−i,i(p
′) −−−→ A′i −−−→ A
′
i−1 −−−→ 0y
y
y
0 −−−→ E∞n−i,i(p) −−−→ Ai −−−→ Ai−1 −−−→ 0
to obtain the result. 
The main result of this section, Theorem 2.5, is rather technical. It
is a computation of the string homology in some special case. Since we
are doing it by rather elementary means we don’t involve here the loop
homology and the string homology theories [CJY],[We].
2.5. Theorem. Suppose that a group π has a locally finite CW complex
as a classifying space Bπ. Then the inclusion
(a) jπ : Bπ → S0(Bπ) induces an isomorphism
(jπ)∗ : H∗(Bπ;Q)→ H∗(S0(Bπ);Q)
of the rational homology groups.
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(b) Suppose that Hn+1(Bπ;Q) = 0, n ≥ 4. Then the inclusion ho-
momorphism
Hn(S0(Bπ
(n−2));Q)→ Hn(S0(Bπ));Q)
is zero.
Proof. (a) We show that H∗(S0(Bπ), jπ(Bπ);Q) = 0.
Note that the fiber Ω(Bπ) of the evaluation fibration ev : L(Bπ)→
Bπ is homotopy equivalent to π. This fibration admits a section s and
the path component of s(Bπ) is exactly L0(Bπ). Thus, the restriction
p0 of ev to L0(Bπ) is a fibration with homotopy trivial fiber. Hence the
inclusion Bπ → L0(Bπ) is a homotopy equivalence. Thus, L0(Bπ)/Bπ
is contractible. Therefore the projection in the Borel construction
p1 : S
2N+1 ×S1 (L0(Bπ)/Bπ)→ CP
N
induces isomorphism of homology groups. By Proposition 2.2 the pro-
jection
p¯2 : (S
2N+1 ×S1 (L0(Bπ)/Bπ)/F → S0(Bπ)/jπ(Bπ)
induces isomorphisms of rational homology in dimensions ≤ 2N . The
exceptional fiber F of p2 is homeomorphic to CP
N . It defines a section
of p1. Thus collapsing F to a point defines a contractible space. There-
fore, Hi(S0(Bπ), jπ(Bπ);Q) = 0 for i ≤ 2N . Since N is arbitrary, the
result follows.
(b) In view of the exact sequence of the pair (S0(Bπ), S0(Bπ
(n−2)))
it suffices to show that the homomorphism
q∗ : Hn(S0(Bπ);Q)→ Hn(S0(Bπ)/S0(Bπ
(n−2));Q)
generated by the collapsing map
q : S0(Bπ)→ S0(Bπ)/S0(Bπ
(n−2))
is injective. We note that the collapsing map ψ : Bπ → Bπ/Bπ(n−2)
induces an equivariant map L0(ψ) : L0(Bπ) → L0(Bπ/Bπ
(n−2)) and,
hence, it defines a map s(ψ) : S0(Bπ) → S0(Bπ/Bπ
(n−2)). Note that
the map s(ψ) factors through q, s(ψ) = ψ′ ◦ q. Thus, it suffices to
show that s(ψ) is injective for n-homology. Since (jπ)∗ and i are iso-
morphisms in the commutative diagram
Hn(Bπ/Bπ
(n−2);Q)
j′
∗−−−→ Hn(S0(Bπ/Bπ
(n−2));Q)
i
x s(ψ)
x
Hn(Bπ;Q)
(jpi)∗
−−−→ Hn(S0(Bπ);Q),
it suffices to show that j′∗ is a monomorphism.
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Let X = Bπ/Bπ(n−2). We need to show that
j′∗ : Hn(X ;Q)→ Hn(S0(X);Q)
is a monomorphism. The exact sequence of the pair (S0(X), X) reduces
the problem to showing that the collapsing map q : S0(X)→ S0(X)/X
induces an epimorphism q∗ : Hn+1(S0(X);Q)→ Hn+1(S0(X)/X ;Q).
We consider the commutative diagram generated by Borel’s construc-
tions for S1-action on LX , LX/X , and S2N+1 with N > n.
Hn+1(S
2N+1 ×S1 LX ;Q)
(p′2)∗−−−→ Hn+1(S0X ;Q)
q¯∗
y q∗
y
Hn+1(S
2N+1 ×S1 (LX/X);Q)
(p2)∗
−−−→ Hn+1((S0X)/X ;Q).
It suffices to show that both (p2)∗ and q¯∗ are surjective. By Proposi-
tion 2.2 the reduced projection
p¯2 : (S
2N+1 ×S1 (LX/X))/p
−1
2 (∗)→ S0X/X
induces isomorphism of the rational homology in dimensions ≤ 2N .
Here ∗ = {X} is the orbit of the fixed point. The projection
p1 : S
2N+1 ×S1 (LX/X)→ CP
N
is a locally trivial bundle with the fiber LX/X . The fixed point ∗ of
the S1-action on LX/X defines a section s of p1. Therefore, there is a
splitting
Hi(S
2N+1×S1 (LX/X)) = Hi(CP
N)⊕Hi((S
2N+1×S1 (LX/X))/p
−1
2 (∗))
generated by p1 and the collapsing map. Hence (p2)∗ is surjective.
Similarly any fixed point of the S1 action on LX defines a section
of p′1 : S
2N+1 ×S1 (LX) → CP
N . We consider the morphism of the
Leray-Serre spectral sequences π∗,∗ : E∗,∗(p
′
1) → E∗,∗(p1) of p1 and p
′
1
generated by q¯.
By Proposition 2.3, Hn−1(LX/X ;Q) = 0. Note that since in the
definition ofX we collapse the (n−2)-skeleton of Bπ instead of the (n−
1)-skeleton. Then E22,n−1(p1) = 0. Therefore, nonzero elements in E
2-
page for p1 on the (n+1)-antidiagonal are only E
2
0,n+1 and E
2
n+1,0. Since
Hn+1(LX ;Q) → Hn+1(LX/X ;Q) is surjective, φ
2
0,n+1 : E
2
0,n(p
′
1) →
E20,n(p1) is surjective. Clearly,
φ2n+1,0 : E
2
n+1,0(p
′
1) = Hn+1(CP
m;Q)→ E2n+1,0(p1) = Hn+1(CP
m;Q)
is an isomorphism. By Proposition 2.4 part (a), φ∞0,n+1 is surjective.
Since both fibrations have sections, we have stabilizations: E2n+1,0(p1) =
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E∞n+1,0(p1) and E
2
n+1,0(p
′
1) = E
∞
n+1,0(p
′
1). Then by Proposition 2.4 part
(b), q¯∗ is surjective in dimension n + 1. 
3. The main result
Let ν : S∞ → CP∞ be the universal S1-bundle. We identify
S∞ = {(E, v) ∈ CP∞ × S∞ | v ∈ E, |v| = 1}
with an S1-invariant subset of L(S∞) by sending (E, v) to the rotation
fv : S
1 → E with f(1) = v. Then CP∞ is identified with a subset of
S(S∞). The same can be done for any principle S1-bundle p : E → B:
The space E can be identified with an invariant subset of L(E) and B
with a subset of S(E). Let pˆ : B → S(E) denote this embedding.
By cd(G) we denote the integral cohomological dimension of a group
G. We recall that if cd(G) 6= 2 then cd(G) = min{dimK(G, 1)} [Br].
3.1. Theorem. Suppose that in the central extension
1→ C → G
p
→ H → 1
where C ∼= Z the group G has finite cd(G) < ∞ and H has trivial
homology Hn(H ;Q) for infinitely many n. Then Hn(BH ;Q) = 0 for
all but finitely many n.
Proof. Assume that Hn(BH ;Q) 6= 0 and Hn+1(BH ;Q) = 0 for some
n ≥ cd(G) + 2, n ≥ 5. Note that the homomorphism φ : G→ H is the
induced homomorphism p∗ : π1(BG) → π1(BH) for an oriented S
1-
fibration p : BG→ BH . Since every oriented S1-bundle is a principal
S1-bundle [Mo], p is the pull-back of the universal S1-bundle ν : S∞ →
CP∞. The composition S(p) ◦ pˆ : BH → S(BH) coincides with jH
where jH : BH → S0(BH) ⊂ S(BH) is the inclusion map. Note that
p : BG → BH can be deformed to BH(n−2) since BG is homotopy
equivalent to a complex of dimension cd(G) ≤ n−2. Let H : BG×I →
BH be a corresponding homotopy. It defines a homotopy Hˆ : S(BG)×
I → S(BH) and, hence a homotopy H˜ : BH× I → S(BH) of S(p)◦ pˆ.
Since H˜(BH×{0}) ⊂ S0(BH), it follows that H˜(BH× I) ⊂ S0(BH).
Thus, H˜ is a homotopy of jH to a map g with image in S0(BH
(n−2)).
Hence we have a homotopy commutative diagram
BH
id
←−−− BH
g
y jH
y
S0(BH
(n−2))
⊂
−−−→ S0(BH)
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which defines a commutative diagram of homology groups
Hn(BH ;Q)
id∗←−−− Hn(BH ;Q)
g∗
y ∼=
y
Hn(S0(BH
(n−2));Q)
0
−−−→ Hn(S0(BH);Q).
The right vertical arrow is an isomorphism in view of Theorem 2.5 (a).
By Theorem 2.5(b), the commutativity of the diagram implies that
Hn(BH ;Q) = 0. This brings a contradiction. 
Proof of Theorem 1.2. The condition cd(G) < ∞ implies that
cd(Gx) < ∞ for all x ∈ G. By Theorem 3.1 there is N ∈ N such
that Hm(Nx;Q) = 0 for m > N all x ∈ G. Therefore, the short exact
sequence for T∗(x,Q), (see the introduction) implies T∗(x,Q) = 0. 
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